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We report the presence of multiple flat bands in a class of two-dimensional (2D) lattices formed
by Sierpinski gasket (SPG) fractal geometries as the basic unit cells. Solving the tight-binding
Hamiltonian for such lattices with different generations of a SPG network, we find multiple degen-
erate and non-degenerate completely flat bands, depending on the configuration of parameters of
the Hamiltonian. Moreover, we establish a generic formula to determine the number of such bands
as a function of generation index, ` of the fractal geometry. We show that the flat bands and their
neighboring dispersive bands have remarkable features, the most interesting one being the spin-1
conical-type spectrum at the band center without any staggered magnetic flux, in contrast to the
Kagome lattice. We furthermore investigate the effect of magnetic flux in these lattice settings and
show that different combinations of fluxes through such fractal unit cells lead to richer spectrum
with a single isolated flat band or gapless electron- or hole-like flat bands. Finally, we discuss a pos-
sible experimental setup to engineer such fractal flat band network using single-mode laser-induced
photonic waveguides.
I. INTRODUCTION
Over the course of last few years, the study of flat
bands (FBs) in translationally invariant lattice systems
has been one of the emergent fields of research in con-
densed matter physics [1–15]. This is in part because
such bands can serve as a good platform for studying
strongly correlated phenomena due to exponentially large
number of degeneracy, and in part because they can host
many interesting phenomena such as unconventional in-
verse Anderson transition [1, 2], multifractality at weak
disorder [3, 4], Hall ferromagnetism [16–18], etc. In addi-
tion, there are rising interests in finding out lattice mod-
els that can host FBs with non-trivial topology. This
is because such non-trivial FBs may allow one to inves-
tigate lattice version of fractional topological phenom-
ena [19–21]. Above all, the recent experimental observa-
tions of FBs in various photonic lattices [22–29], optical
lattices [30–32], and exciton-polariton condensates [33]
have triggered a great deal of interest in generating new
FB networks and understanding their usage in different
lattice geometry.
The appearance of FBs in translationally invariant
tight-binding models is often attributed to the destruc-
tive interference of electrons hopping nonlocally, giv-
ing rise to compact localized single-particle eigenstates
(CLS) with finite amplitudes over a finite number of lat-
tice sites beyond which the wave function amplitudes de-
cay to zero [10, 13, 14]. Specifically, the electrons in
these FB states do not hop to the neighboring lattice
sites, leading to strongly localized states with an infinite
effective band mass. FBs with non-trivial topology can
be obtained in lattice models by fine-tuning the short-
range hopping strengths between different lattice sites
or by incorporating some artificial phase factors to the
∗Electronic address: biplabpal@pks.mpg.de
†Electronic address: kush@pks.mpg.de
hopping parameters [19, 21]. Recently, it has also been
shown that FBs with chiral symmetry can be realized
in bipartite lattices by creating imbalance in number of
sites between the two sublattices [15].
FIG. 1: Schematic view of different generations (`) of a Sier-
pinski gasket (SPG) fractal network, which are repeated pe-
riodically over a two-dimensional plane to form 2D lattices
with fractal unit cell.
While there are extensive studies on FBs for regu-
lar periodic lattices such as Lieb [4, 22, 23, 26, 30, 32],
Kagome [28, 33–37], hexagonal [5, 38], diamond [9, 13,
24, 25], cross-switch [10–12], etc., the possibility of hav-
ing FBs with various interesting band features in two-
dimensional (2D) lattices with fractal unit cells has not
been reported yet. We show that the 2D lattices built
with different generations of a Sierpinski gasket (SPG)
fractal network [39] (see Fig. 1) as the unit cells can host
multiple degenerate and non-degenerate FBs, depending
on the intra and inter-cell hopping strengths. These FBs
and their nearest dispersive bands have distinct features
such as “isolated” degenerate FBs, conical “Dirac-like”
bands together with a single flat band at the center of
the energy spectrum, and many more. These band fea-
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2FIG. 2: Schematic diagram of a two-dimensional lattice struc-
ture where the building blocks (unit cells) are first generation
(` = 1) SPG fractal geometry. Each of the “up” triangu-
lar plaquettes (light yellow shaded) within the SPG unit cell
are threaded by an external magnetic flux Φ+, whereas the
“down” triangles (light blue shaded) connecting nearest unit
cells carry a flux Φ−. Each cell has been marked by the red
dotted box. The intra-cell hopping parameter is denoted by
t and the inter-cell hopping parameter is labeled by γ.
tures differ significantly from the Kagome (i. e., ` = 0
generation of the SPG) or Lieb lattice. We furthermore
show that the number of such FBs increases with the
increase of fractality i. e., the generation index ` of the
fractal unit cells. In fact, we find a generic formula to
determine the number of FBs as a function of `.
We also investigate the effect of an external magnetic
field in this lattice model and show that the different com-
binations of magnetic fluxes piercing through the “up”
and “down” triangles of the lattice structure (see Fig. 2)
give rise to spectrum with notable features. They are
classified into three types: (I) a single isolated flat band
at the middle of the band spectrum, separating electron-
like and hole-like dispersive bands, (II) a single gapless
hole-like or electron-like flat band, and (III) two gap-
less parallel electron-hole flat bands separated by their
respective electron-like and hole-like dispersive bands.
These parallel FBs turn out to be robust under unequal
hopping strengths. We note that these flat bands at dif-
ferent energies in the absence of time-reversal symmetry
can be leveraged to understand several physical phenom-
ena such as quantum Hall phenomena at fractional filling,
chiral spin liquid physics, topological transitions, etc [37].
The rest of the paper is organized as follows. In Sec. II,
we introduce and discuss the tight-binding Hamiltonian
of spinless particles moving in a two-dimensional lat-
tice formed by fractal unit cells. This is followed by
Sec. III, where we discuss different features of FBs and
their neighboring dispersive bands, in the absence of any
external magnetic flux. Moreover, we demonstrate lo-
cal density of states and show distribution of wavefunc-
tion amplitudes at different lattice sites. In Sec. IV, we
present the results for staggered and non-staggered mag-
netic flux. In Sec. V, we discuss the scope of possible
experimental realization of our model, using photonic
waveguide lattice structure. Finally, we conclude with a
discussion on the usefulness of the proposed lattice model
and possible future directions in Sec. VI.
II. THE MODEL
We propose a class of two-dimensional lattice models
where segment of fractal geometries act as a constituent
unit cell of the lattice structure. Fig. 2 illustrates such a
lattice structure where first generation (` = 1) of a SPG
fractal plays the role of the unit cell. Similar structures
can be constructed using other higher generations of the
SPG fractal geometry acting as the unit cell of the lattice.
For simplicity, we focus on the ` = 1 generation of SPG
with six atoms per unit cell. With this, the tight-binding
Hamiltonian can be written in Wannier basis as,
H =
∑
n,m
[ F∑
j=A
jc
†
n,m,jcn,m,j +
(
tc†n,m,Acn,m,D
+ tc†n,m,Acn,m,E + tc
†
n,m,Bcn,m,D + tc
†
n,m,Bcn,m,F
+ tc†n,m,Ccn,m,F + tc
†
n,m,Ccn,m,E + tc
†
n,m,Dcn,m,E
+ tc†n,m,Ecn,m,F + tc
†
n,m,F cn,m,D + γc
†
n,m,Acn+1,m+1,B
+ γc†n,m,Acn−1,m+1,C + γc
†
n,m,Ccn+2,m,B + h.c.
)]
,
(1)
where (n,m) stands for the cell index, and the letters
A,B,C,D,E, F identify different atomic sites within a
cell as depicted in Fig. 2. c†n,m,j (cn,m,j) creates (anni-
hilates) an electron in the (n,m)-th cell for atomic site
j, j is the on-site potential for a j-type of atomic site,
t is the intra-cell hopping amplitude, and γ denotes the
inter-cell hopping amplitude.
In k ≡ (kx, ky)-space, Eq. (1) can be recast as,
H =
∑
k
ψ†kH(k)ψk, (2)
where ψ†k ≡
(
c†k,A c
†
k,B c
†
k,C c
†
k,D c
†
k,E c
†
k,F
)
, and
H(k) is given by,
H(k) =
(M(k) T
T † G
)
, (3)
whereM(k) is a square matrix of dimension three for all
`, and is given by,
M(k) =
 A γei(kx+ky) γe−i(kx−ky)γe−i(kx+ky) B γe−2ikx
γei(kx−ky) γe2ikx C
 . (4)
Note that the off-diagonal matrix elements ofM(k) con-
nect the nearest unit cells. In contrast, the matrix ele-
ments of G and T represent hopping within the same cell
and hence independent of the momentum k. For ` = 1,
they are can be expressed in appropriate basis as,
3FIG. 3: Energy dispersions for ` = 1 generation SPG fractal
network acting as the unit cell of the 2D lattice structure in
Fig. 2 with Φ± = 0. The left panel corresponds to t/γ = 1
(with t = −1 and γ = −1), while the right panel is for t/γ 6= 1
(with t = −1.5 and γ = −1).
G =
D t tt E t
t t F
 , T =
t t 0t 0 t
0 t t
 . (5)
For generic `, G is a square matrix of dimension
(N` − 3), while the dimension of T is found to be
(N`−3)×3, whereN` is the number of atoms per unit cell.
It is worth mentioning that Eq. (3) is written in a basis
which does not incorporate lattice symmetry (e.g., trian-
gular symmetry). However, it can be shown that Hamil-
tonian in accordance with the lattice symmetry gives rise
to similar spectrum as shown here.
To incorporate the effect of generic magnetic flux, we
consider a flux Φ+ per “up” triangular plaquette (light
yellow shaded) in the SPG unit cell as shown in Fig. 2.
Then the flux penetrating through the middle down tri-
angle of the same unit cell turns out to be −Φ+. We
further consider the flux penetrating through the “down”
triangles (light blue shaded) connecting the two nearest
SPG unit cells to be Φ− as shown in Fig. 2. This fixes the
flux through the hexagon to be equal to −(2Φ+ + Φ−),
when Φ± are considered anticlockwise. With this con-
struction, the matrix elements t’s of H in Eq. (3) pick up
a prefactor e±iΦ+/3, while the γ’s pick up e±iΦ−/3, where
the sign of the phases is to be considered in accordance
with the direction of the hopping.
III. FLAT BANDS IN ZERO FLUX
To analyze the energy spectrum for Φ± = 0, we diago-
nalize Eq. (3) and obtain six bands for ` = 1 generation
SPG unit cell, containing multiple completely flat and dis-
persive bands. Depending on the relative strengths be-
tween the intra- and inter-cell hopping, these flat bands
may be degenerate or non-degenerate. Moreover, the
number of flat bands increases with the generation in-
dex, `.
Equal intra and inter-cell hopping — For t = γ and
` = 1, the flat bands energies are
EFB = −2t,−2t, 0. (6)
Fig. 3(a) shows that the doubly degenerate flat bands
occur at the maximum of the spectrum and are isolated
from rest of the other bands. This is in contrast to the
commonly known “frustrated hopping” model [35] such
as Kagome, where non-degenerate isolated flat-band can
be obtained only in the presence of magnetic flux [36].
The non-degenerate flat band at E = 0 touches “Dirac-
point” formed by two electron-hole dispersive bands at
k = 0, and they all together form a spin-1 conical-
type spectrum. These three bands at the center of the
spectrum resembles with the spectrum of Kagome lat-
tice with staggered flux [36] or Lieb lattice with zero
flux [22, 23, 26, 30, 32]. Note that, the k = 0 Dirac
point can be regarded as a special point where particle
can have both zero effective mass (Dirac fermions) and
infinite effective mass (FB state). Note also, the presence
of this single Dirac point in the spectrum seems to vio-
late fermion-doubling theorem. However, this is in con-
sistent with the fact that fermion-doubling theorem can
be avoided by introducing a flat band in the system [40].
For ` = 2 generation, the flat bands appear at the
energies
EFB = −2t,−2t,−2t,−2t,−2t,−t, tfα(t), (7)
where α runs from 1 to 3, and f(t) is some complicated
function of t. Thus, we have five-fold degenerate FBs at
E = −2t, and rest are non-degenerate with two electron-
like and two hole-like FBs, as evident from Fig. 4(a).
We have exclusively checked energy spectrum for higher
generations (see Fig. 4(c)) and found that the number of
FBs increases with the generation index `. In fact, we
find a generalized formula to determine the number of
FBs in a (`+ 1)-th generation fractal. This is given by,
F`+1 = N`+1 −D`+1 for ` ≥ 0, (8)
where D`+1 is the total number of dispersive bands (DBs)
in a (`+ 1)-th generation fractal, and is given by D`+1 =
2D` for ` ≥ 1 with D1 = 3. N`+1 is the total number
of lattice sites in a (`+ 1)-th generation fractal unit cell,
and is given by N`+1 = 3N` − 3 for ` ≥ 1 with N1 = 6.
Unequal intra and inter-cell hopping — In contrast to
t = γ, the unequal intra and inter-cell hopping, i. e., t 6=
γ reduces the number of flat bands and the degeneracy
as well. For ` = 1, we obtain two FBs with energies (see
Fig. 3(b))
EFB =
1
2
(
−γ − t+
√
(γ − t)2 + 4t2
)
EFB = −1
2
(
γ + t+
√
(γ − t)2 + 4t2
)
,
(9)
whereas for ` = 2 generation, we obtain eight FBs (see
Fig. 4(b)) at energies
EFB = −2t,−2t,−2t,−t, f ′α(t, γ), (10)
where α runs from 1 to 4, and f ′(t, γ) is some compli-
cated function of t and γ. Clearly, the number of FBs
4FIG. 4: E-k diagram for (a-b) ` = 2, and (c-d) ` = 3 gen-
eration of SPG fractal unit cell. The completely flat bands
are marked by the violet color flat lines, whereas dispersive or
nearly flat bands are marked by green color. For the left panel
the ratio between intra-cell and inter-cell hopping is taken to
be t/γ = 1, whereas for the right panel it is t/γ = 1.5.
and the degeneracy are reduced. Also, unequal value of
the hopping parameters lifts the degeneracy at the Dirac-
point in conical-like spectrum since a finite gap appears
between the FB and hole-like Dirac band (see Fig. 3(b)).
However, the degeneracy between the FB and its neigh-
boring electron-like dispersive band is retained at k = 0.
This band touching turns out to be linear unlike the case
in Kagome lattice. Note that, this band feature is rem-
iniscent to the spectrum of artificial ice due to point-
like dipole with fine-tuned external offset parameter re-
lated to sublattice [41]. Thus, for finite filling our lattice
model may reveal interesting spin-ice physics. Investi-
gating higher generations (Fig. 4) as before, we find a
generalized formula for determining FBs for t 6= γ as,
F`+1 = N`+1 −D`+1 for ` ≥ 0, (11)
where D`+1 = 2D` − 1 for ` ≥ 1 with D1 = 4, and N`+1
is same as before.
As discussed, the completely flat band states are gener-
ated by highly localized eigenstates. To corroborate this
fact, we compute average density of states (ADOS) cor-
responding to the cases presented in Fig. 3(a) and 3(b).
Using standard Green’s function formalism, the ADOS
is defined as,
ρ(E) = − 1
Npi
Im [Tr G(E)] , (12)
where G(E) = [(E + iη)I −H]−1 with η being a small
imaginary part added to the energy E, N is total number
of sites in the system, ‘Im’ is the imaginary part, and ‘Tr’
denotes the trace of the Green’s function G.
FIG. 5: Average density of states (ADOS) for ` = 1 genera-
tion SPG unit cells repeated in X-Y direction to form a 2D
lattice structure with size L = (40 × 40) as shown in Fig. 2.
The left panel corresponds to t/γ = 1 (with t = −1 and
γ = −1), while the right panel is for t/γ 6= 1 (with t = −1.5
and γ = −1). The states corresponding to the flat bands (FB)
are indicated by the arrowheads.
Together with Eq. (12) and (1), we compute the ADOS
for ` = 1 generation SPG structure with system size L =
40. Fig. 5(a) and 5(b) show very sharp localized states
in the ADOS for field free case. The appearance of such
localized states can be traced back to the presence of flat
band states in the energy spectrum as shown in Fig. 3(a)
and 3(b). We note that the ADOS for the cases with
the magnetic field shows similar highly peaked localized
states at corresponding flat band energies.
We next turn to distribution of wave function ampli-
tudes at different lattice sites, which can be easily evalu-
ated using the Schro¨dinger equation of the form,
(E − i)ψi =
∑
j
τijψj , (13)
where i is the on-site potential at i-th site, τij is the hop-
ping amplitude between neighboring sites, and ψi is the
wave function amplitude at i-th site. Fig. 6(a) and 6(b)
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FIG. 6: Distribution of wave function amplitudes at different
lattice sites corresponding to highly localized FB states with
energies (a) E = 0 and (b) E = 2 as shown in Fig. 5(a). The
on-site potential for all the sites is set to zero, and the hopping
parameters are t = −1 and γ = −1 respectively. The values
of the wave function amplitudes on different lattice sites are
+1 (blue/dark filled circles), −1 (magenta/light filled circles),
and 0 (empty circles).
illustrates the wave function amplitude distribution cor-
5FIG. 7: Energy dispersions in presence of the staggered mag-
netic fluxes Φ± for ` = 1 generation SPG fractal geometry.
Different panels correspond to different combinations of fluxes
Φ+ and Φ−, viz., (a) Φ+ = Φ− = pi/3, (b) Φ+ = pi/3 and
Φ− = −pi, (c) Φ+ = −pi and Φ− = pi/3, and (d) Φ+ = 2pi
and Φ− = pi. We have used t/γ = 1.
responding to the FB states with energies E = 0 and
E = 2 as shown in Fig. 5(a). Evidently, the wave function
corresponding to the FB states are localized over a finite
number of lattice sites with non-zero amplitudes (marked
by filled circles), and beyond those sites the amplitudes
of the wavefunction turns out to be zero (marked by
empty circles). Using the same procedure, one can also
figure out similar kind of wave function amplitude distri-
bution pattern corresponding to the FB energies shown
in Fig. 5(b).
IV. EFFECT OF MAGNETIC FLUX ON FLAT
BANDS
The objective of this section is to investigate the fate
of flat bands in the presence of staggered magnetic flux
Φ± (measured in units of the fundamental flux quantum
Φ0 = h/e) piercing through the triangular plaquettes in
the fractal lattice geometry as shown in Fig. 2. It turns
out that generic magnetic flux destroys FBs, leading to
gapped dispersive bands. This destruction is indepen-
dent of the relative strength between the hopping pa-
rameters t and γ. However, for special values of Φ±, flat
bands reappear and can be classified into three types.
For t = γ and Φ+ = Φ− = pi/3, we obtain a single iso-
lated flat band at EFB = 0, separating three hole-like and
two electron-like dispersive bands, as shown in Fig. 7(a).
The two electron-like dispersive bands resemble the spec-
trum of gapped graphene in the absence of time-reversal
symmetry [42]. Since this isolated flat band is protected
by the gap, the degenerate states can be used to form
correlated states when interactions are added. Note that,
the isolated FB acquires a small curvature as intra-cell
and inter-cell hopping differs from each other.
In contrast, for Φ+ = ±pi/3 and Φ− = ∓pi, we obtain
a single gapless flat band with energy EFB > 0. More-
over, this FB touches its nearest dispersive band at a
single point in the Brillouin zone (see Fig. 7(b)), and the
band touching turns out to be linear similar to the band
touching discussed in the preceding section. However,
the band touching can be removed by unequal intra-cell
and inter-cell hopping, keeping the FB nearly flat. For
a reverse combination of Φ+ and Φ−, we do not see any
gapless flat bands, rather two nearly FBs appear at the
end of the band spectrum as shown in Fig. 7(c).
At Φ+ = Φ− = ±pi, the spectrum is particle-hole con-
jugate of the case at Φ± = 0. With this combination of
fluxes, the total flux through the individual unit cell and
the down triangle connecting nearest unit cells turns out
to be (2Φ+ − Φ−) = ±3pi or ±pi. The first condition is
exactly similar to the condition for staggered fluxes in
“up” and “down” triangles of Kagome lattice [36] as a
manifestation of time-reversal symmetry, while the lat-
ter is typical time-reversal symmetric non-staggered case
of npi flux through each plaquette, where n is integer.
In addition to the above combinations of Φ±’s, we ob-
tain a particular combination of fluxes such that (Φ+ +
Φ−) = pi (with Φ+ = 0 (or pi) and Φ− = pi (or 0)),
or 3pi (with Φ+ = 2pi (or pi) and Φ− = pi (or 2pi)),
for which two flat bands are separated by two dispersive
bands. Fig. 7(d) illustrates this specific case, where we
see both the electron-like and hole-like flat bands touch
their nearest dispersive bands at a single point in the
first BZ. Interestingly, the nature of band touching is
quite different for these two FBs. While one FB touches
quadratically to its nearest dispersive band, the other one
touches the dispersive band linearly. Moreover, both of
these band touching are protected from any perturbation
in the Hamiltonian. Notice that, in this particular case,
there exists an isolated nearly flat band at the maximum
or minimum of the spectrum.
It is worth pointing out that there are some other com-
binations of fluxes for which a flat band and its nearest
dispersive band overlap, which we do not elaborate here
in order to not deviate from the main interesting features
discussed in the preceding sections. We would also like
to mention that similar distinct band features can be ob-
tained for higher generation fractal structures in presence
of the external staggered flux.
Before ending this section, we briefly discuss the real
space energy spectrum of a single unit cell of the SPG
fractal structure in the thermodynamic limit as a func-
tion of magnetic flux. We consider each smallest “up” tri-
angular plaquettes in the unit cell carries flux Φ+. Then
following Ref. [43], we compute the energy eigenvalues
as a function of Φ+. Fig. 8 illustrates the formation of
bands and gaps in the spectrum. Clearly, the thinning of
bands at Φ+ = 0 and its conjugate case, i. e., Φ+ = pi is
attributed to the presence of FBs.
6FIG. 8: Energy eigenvalue spectrum of a SPG fractal geome-
try in the thermodynamic limit as a function of the magnetic
flux Φ+ (measured in units of the fundamental flux quantum
Φ0 = h/e). We have set the on-site potentials at all sites to
be equal to zero and the hopping parameter t is taken equal
to 1.
V. POSSIBLE EXPERIMENTAL REALIZATION
Finally, we discuss the scope for possible experimental
realization of our proposed complex lattice structure and
related phenomena. In the spirit of recent experiments
by Mukherjee et al. [23, 24] and also by others [22, 27, 28],
photonic lattices formed by laser-induced single-mode
waveguides can be used to study different FB properties
discussed here, in the absence of undesired excitations
such as phonons. In such photonic structure, the atomic
sites in our proposed 2D fractal lattice geometry can be
replaced by single-mode optical waveguides, which can
be controlled by femtosecond laser-writing technique as
well as the optical induction technique. This may allow
one for direct observations of diffractionless FB states.
A schematic diagram of the possible corresponding pho-
tonic waveguide structure of our proposed model (for
` = 1 generation SPG geometry acting as the unit cell
of the lattice) is illustrated in Fig. 9. The intra- and
inter-cell hopping parameters can be controlled by the
refractive index of the lattice structure. Moreover, by
modulating longitudinal propagation constants [25, 44] of
the waveguides, a synthetic gauge field can be generated
to study the effect of magnetic the flux in our proposed
lattice geometry. In addition to the photonic lattices, the
unprecedented controllability of cold atoms in optical lat-
tices may help to engineer such artificial complex struc-
tures in experiments, and study the desired properties in
a very controllable and clean environment. Formation of
similar complex fractal flat band waveguide networks has
been proposed theoretically recently [45].
FIG. 9: Schematic diagram of a possible proposed photonic
waveguide structure corresponding to the lattice structure
shown in Fig. 2.
VI. CONCLUDING REMARK AND OUTLOOK
In conclusion, we have studied flat bands in a com-
plex 2D lattice structure formed by different generations
of a SPG fractal geometry as the building unit cell of
the lattice. We show that such complex structure gives
rise to band spectrum with notable features, such as ap-
pearance of isolated gapped FB states, or the presence
of gapless single or multiple electron-like or hole-like FB
states touching their nearest dispersive bands, or the for-
mation of “Dirac-cone” with a FB state sandwiched in-
between them, resembling the spin-1 conical-type energy
spectrum. We furthermore show that the different com-
binations of staggered or non-staggered flux may tune
or detune the FB states, appearing in such a complex
fractal-like lattice structure. For a particular flux, we
show that it is possible to separate a FB state from the
other dispersive bands by a gap due to the fact that time-
reversal symmetry is broken. In such situation, the FB
state can be thought of as a critical point (with zero
band curvature) that separates electron-like and hole-like
bands with opposite band curvatures, and such transition
may lead to an anomalous Hall effect [36, 37]. We also
show that in some cases, FB is degenerate with one or
more other bands at a single point. Such band touch-
ing is accidental and can be removed by means of some
perturbations.
In addition to these interesting band features, we es-
tablish a generic formula to determine the number of FB
states as a function of the fractal generation index, `. Fi-
nally, we address the possibility of realizing our model in
a photonic waveguide network which can be fabricated by
using single mode optical waveguides in highly control-
lable environment using femtosecond laser pulses [22, 23].
The fractal FB model proposed by us has gone be-
yond the paradigm of regular flat band lattice geome-
tries such as Lieb lattice, hexagonal lattice, Kagome lat-
tice, etc., and can be a new prospective lattice model
to explore different physical phenomena. For exam-
ple, topological protection of band touching in the ma-
7jority of geometrically frustrated systems are known
through a careful counting of linearly independent lo-
calized states [35]. Since our proposed model exhibits
both linear and quadratic band touching in a single lat-
tice setting for a particular configuration of the param-
eters, topological protection in these settings may differ
significantly from the typical frustrated lattice systems
as discussed in Ref. [35]. Note that such study is re-
quired to understand the physics of interacting bosons
and fermions in flat bands with various filling for short-
range interactions of arbitrary strength.
On a related note, our proposed model with ` = 1 re-
sembles to the lattice structure of a new class of magnetic
materials, namely triangular Kagome lattices. This lat-
tice structure is formed by extra set of triangles inside
the Kagome triangles. While solving Hubbard model in
this “triangle-in-triangle” lattice structure, several new
phases such as plaquette insulator, Kondo metal can
be obtained while asymmetry is introduced in the sys-
tem [46]. In view of that, we believe our proposed model
may give rise to even richer phases as a function of inter-
action, temperature and asymmetry. Overall, our find-
ings provide a concrete framework for future studies, ad-
dressing the nature of many-body ground state in the
presence of repulsive interactions and at fractional filling.
Moreover, it may grow interests to explore the possibility
of having FB states in lattice structures formed by other
interesting fractal geometries such as Vicsek and Koch
fractal.
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